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Introduction
Functionally graded materials (FGMs) are increasingly being used as protective coatings within engineering applications. Potential areas of use for such materials include magnetic storage media, nano and microelectromechanical systems, barrier coatings for structural components, dental implants and articulating surfaces in hip and knee prostheses [1] . Graded materials are designed so that their physical and mechanical properties vary continuously or discretely throughout their depth [1] . As a result, these materials can be used to redistribute thermal stresses [2] and reduce stress concentrations which can help minimise the local driving force for crack growth [3] and lead to an increased susceptibility to damage through wear.
The ability to accurately determine the likely e↵ects of using di↵erent graded elastic coating types is crucial and many mathematical models have been developed to investigate the e↵ects of material property gradients on resistance to normal loading, sliding, rolling and fretting contact and wear. The contact problem of a rigid body indenting a homogeneously elastic solid was initially solved by Hertz [4] who provided analytical solutions for the two and three dimensional case. However, FGMs are not homogeneous and cannot be accurately modeled using Hertzian theory. By assuming that modulus of elasticity within a functionally graded material follows either a power law or exponential variation, Giannakopoulos and Suresh [5] proposed simple analytical models to determine the displacements and stresses within a three-dimensional graded elastic medium. Wang et al [6] applied the Fast Fourier Transform (FFT) method to investigate partial-slip contacts involving graded materials within a three-dimensional context.
The full three-dimensional contact problem involving FGMs is complicated and it is often very di cult, if not impossible to solve such problems analytically. A useful simplification that is often adopted is to assume that the FGM is in a state of plane strain which allows a two-dimensional analysis to be performed. In this context, Guler and Erdogan [7] used Fourier transform techniques to solve the contact problem for a graded elastic layered solid. The authors assume that the coated system can be modeled as an FGM of finite thickness perfectly bonded to a homogeneously elastic substrate and allow for an exponential variation of the shear modulus within the FGM. Ke and Wang [8] proposed a similar model to Guler and Erdogan but model the FGM as a series of sub-layers in which the shear modulus varies linearly. Teodorescu and Rahnejat [9] solved the contact problem involving an inhomogeneous material comprising two distinct yet homogeneous layers using Fourier series decomposition for an automotive cam/tappet contact. More recently, Chidlow et al [10] proposed solutions for the displacements and stresses within a graded elastic layered solid in terms of a Fourier series which are analytic if the applied pressure is known exactly. As in the work of Guler and Erdogan [7] , the shear modulus within the coating is assumed to vary exponentially but the presented model is devised in a generic form for ease of adapting it to engineering applications ranging from nano to macro scale.
One of the problems that occurs when attempting to model contact problems on a small scale is that adhesion between two contacting surfaces becomes significant due to short-ranged intermolecular forces acting between nano and micro-sized colloidal particles [11, 12] . The classical Hertzian model does not allow for this behaviour and thus alternate models have been sought to accurately describe this phenomenon. An early investigation into this subject was conducted by Boussinesq [13] who found that unlike the pressure distribution obtained by Hertz for homogenous solids, the pressure distribution over a circular contact region became infinite along the edge of the contact. This led to Bradley [14] proposing a contact model between rigid spheres brought into contact solely due to surface forces (e.g. van der Waals force). Hamaker [15] refined Bradley's work, leading to the introduction of Hamaker's constant which is used to determine Van der Waals force. However, neither of the aforementioned approaches allowed for particle deformation which limits the usage of these methods. To overcome this deficiency, Derjaguin [16] included contact deformations of particles while investigating the influence of short-range intermolecular forces.
Perhaps the best known models of surface adhesion in a three-dimensional context were proposed by Johnson et al [17] and Derjaguin et al [18] . Johnson et al [17] suggested that surface adhesion occurs only within the contact with infinitely large tensile stresses occurring along the edges of the contact, leading to the development of the JKR adhesion model. Derjaguin et al [18] however hypothesised that adhesion occurs only outside of the contact so that Hertzian theory can be applied within the contact region. This model is referred to as the DMT model.
It has been observed that the JKR model accurately describes the behaviour of soft, compliant materials with a high surface energy whilst the DMT model corresponds well to hard materials with a low surface energy [19] . These provided mathematical models at two distinct ends of the material spectrum. In order to approximate contact behaviour using the appropriate model, Tabor's parameter (denoted µ), was introduced as a measure for the magnitude of elastic deformation as compared to the range of surface forces [20] . To describe the transition from the DMT model to the JKR model, Muller et al [21] presented a self-consistent numerical analysis using the Lennard-Jones potential for contacting spheres with evenly distributed intermolecular forces in an elastic half-space. Whilst this model does link together the JKR and DMT models, it was not discussed in su cient detail to allow other authors to replicate their solutions. The idea of a transitional region however was later described by Maugis [22] using the Dugdale potential. This model compliments the work of Johnson et al [17] and Derjaguin et al [18] by describing the transition from JKR to DMT-like behaviour.
Maugis' adhesion model utilises a square-well like Dugdale potential. However, contact solutions based on realistic force laws have been proven to contribute more reliable knowledge to the understanding of the contact behaviour between deformable bodies under the influence of surface forces (e.g. surface adhesion [23] ). For homogeneous materials, Attard and Parker [24] used the Lennard-Jones potential to show a non-monotonic trend of the pull-o↵ force against Tabor's parameter for a rigid spherical indenter pressed against a homogeneous solid. In a later iteration, Feng investigated the contact behaviour of spherical elastic particles using an adhesive model based on the Lennard-Jones potential [23] . Wu [25] , adapted the approach by Feng to [23] , simulate the adhesive contact between a cylinder and a half-space. He compared simulated results to those obtained using the modified Maugis' model for a line contact, initially introduced by Leng et al [26] and fully evaluated by Johnson and Greenwood [27] .
The majority of research conducted on adhesive behaviour has focussed solely on homogeneously elastic materials but some attempts have been made to extend such investigations to inhomogeneous elastic materials. Using the surface force apparatus, McGuiggan et al [28] found that the pull-o↵ force for a layered solid could vary significantly from that predicted by the JKR model. For functionally graded materials in a layered solid configuration, Mary et al [29] proposed a semi-analytical model that describes the adhesive contact between layered solids and axisymmetric probes. Johnson and Sridhar [30] also presented an adhesive model, based on the original JKR model, for a layered solid with a homogeneous elastic coating. Lately, Chidlow et al [31] investigated the e↵ects of surface adhesion between a rigid cylindrical indenter and a layered solid when in contact using Maugis's Dugdale model.
This study proposes a new model for the adhesive line contact between a two-dimensional layered elastic solid and rigid cylindrical indenter. The solid is deemed to comprise of a graded elastic coating bonded to a homogeneous substrate whilst the adhesion between surfaces is modeled using the LennardJones potential. A selection of numerical results are presented within this work that aim to determine the e↵ects of adhesion on the surface displacement and sub-surface stresses induced within a lightly loaded contact during the pre and initial contact region. To the best of the author's belief, the model proposed within this work is the only one currently available that attempts to characterise the adhesive behaviour of FGMs using Lennard Jones potential.
Mathematical Model
We consider the adhesive contact between a layered elastic solid in a state of plane strain and a rigid cylindrical indenter as illustrated in figure 1. The solid occupies the semi-infinite region 1 < y  0, l  x  l and is split into distinct layers that represent a graded elastic coating of thickness y c and a homogeneous substrate of infinite extent. The inhomogeneity of the coating is assumed to depend exponentially on the vertical co-ordinate so that the shear modulus of the solid is defined as
The parameter ⇣ is chosen to ensure that the shear modulus is continuous at y = y c and is defined as
Under the assumption that the coating and substrate are perfectly bonded and that contact between the solid and indenter is frictionless so that the boundary conditions
hold on the solid surface y = 0, we can use the model of Chidlow et al. [10] to describe the displacement and stresses induced within the layered solid. This model gives the horizontal displacement u(x, y) and vertical displacement v(x, y) within each region as
which holds for y c  y  0, and
which holds for 1 < y < y c . The most important quantity appearing within these expressions are the constants P n , n = 1, 2, ..., defined as
which are the coe cients in the Fourier series expansion of p(x). These constants inform the dependence of the solution upon the applied pressure. The remaining quantities are defined in Appendix B.
As this paper considers lightly loaded contact between the indenter and solid, the applied pressure P (x) in this problem will consist of only adhesive forces which are modelled using the Lennard Jones potential. In this situation, the contact pressure is assumed to be a function of the gap-width between the indenter and solid surface and is defined as follows [23, 25] 
where is the surface energy and h is the contact gap. The parameter ✏ is referred to as the atomic equilibrium spacing and represents the distance at which the total local intermolecular forces vanish. It is assumed that when h(x) < ✏, the indenter and solid surface will repel each other whilst when h(x) > ✏, the surfaces will attract each other. Finding the contact gap between surfaces is crucial if we are to use the Lennard Jones potential to model adhesive contact.
In the case of contact between a rigid cylindrical indenter and layered solid, we may formulate the following expression for the gap width
where ↵ is the approach of the indenter, x 2 /(2R) is the contact geometry and v(x, 0) is the surface deflection which may be computed from (6) . We note that when ↵ > 0, the rigid indenter is being pressed into the layered solid.
In the work that follows, it is more convenient to work with a dimensionless pressure and gap-width rather than their dimensional counterparts.
Non-dimensionalising (10) and (11) using the transformations given in Appendix C yields the dimensionless quantities
Our aim within this work is to compute the gap-width for each value of X in [ L, L] and hence determine the adhesive pressure acting on the solid. In order to do this, we compute the contact gap iteratively. Re-arranging (13) gives the residual term
We note that R(X) will be identically zero if the exact pressure is used to compute the Fourier coe cients P n , whereas R(X) will in general be non-zero if an approximation to the pressure is used instead. Minimising the residual term will ensure that an accurate approximation to H(X) is returned. This idea forms the basis of the iterative algorithm described in figure 2. An initial approximation to H(x) denoted H 0 (X) is used to calculate the pressure p 0 (X) and surface deflection v 0 (X, 0). The residual term R 0 (X) is then computed and the algorithm proceeds by relaxing the computed surface deflection using the formulae
for i = 0, 1, 2, ... until the the criterion
is met and the gap-width is deemed to be determined. The parameter is the relaxation factor and is allocated the value = 1⇥ 10 2 within this work. In order to apply this algorithm, the interval [ L, L] is discretised and split into M (M > 2) sub-intervals. As a result, we obtain values of H(X) and p(X) only at a finite number of gridpoints and so the coe cients P n cannot be computed using the formula given in (9) as this equation assumes a continuous pressure profile. The method used within this work to calculate these quantities is detailed in Appendix D.
Solely determining the contact gap and applied pressure will not provide a complete picture of how the applied load propagates through the layered solid or how di↵erent coatings a↵ect material response. Therefore, we also consider computing the sub-surface stress field, ⌧ 1 , within the layered solid which is computed from the formula
The stresses appearing in the formula above may be computed using Hooke's laws as
The partial derivatives of u and v may be easily evaluated from (5)-(8).
Results and Discussions
This study investigates lightly loaded contact during both the pre and initial contact region in an attempt to determine both the influence of surface adhesion and the physical characteristics of the graded coating on the material response under pressure. The e↵ects of using di↵erent coating types is investigated by varying the ratio G 1 /G 0 . It should be noted that softer coatings correspond to G 1 /G 0 < 1 whilst G 1 /G 0 > 1 corresponds to harder coatings. The e↵ects of surface adhesion are characterised using Tabor's parameter which is defined as
Tabor's parameter has been used extensively by other authors (e.g. Johnson and Greenwood [27] ) and it is well documented that if µ 1, homogeneous materials experience JKR-like behaviour whilst if µ ⌧ 1, homogeneous materials experience DMT-like behaviour. We therefore associate larger values of µ with increasingly compliant materials in the discussion contained within this section.
In figure 3 , the load-displacement curves produced for di↵erent ratios of G 1 /G 0 are plotted at di↵erent values of Tabor's parameter, µ, subject to the simulation parameters given in Appendix E. It can be observed within these plots that the harder coating (G 1 /G 0 = 2) tends to generate a much higher negative force at di↵erent values of Tabor's parameter, µ.
Another distinct characteristic that can be identified in figure 3 is that when µ = 1, discontinuities exist (at approximately 0.4nm) before the rigid indenter physically reaches the surface at ↵ = 0. This behaviour is known as the "snap-into" contact as a result of the attractive adhesive force pulling the rigid indenter down. Such discontinuous behaviour has been widely observed through experiments via apparatus such as the atomic force microscope (AFM) [32, 33, 34] and it clearly indicates the importance of understanding the e↵ect of adhesion as it can cause premature contact. The adhering e↵ect where the indenter and surface are being attracted to each other could induce large tensile stresses within the solid, possibly leading to yielding. The pressure distribution and surface vertical deflection of the investigated contact are given in figure 4 at the contact state, ↵ = 0 subject to three di↵erent values of µ. It is observed that the predicted pressure increases dramatically as µ increases, with an order of magnitude di↵erence between the pressures predicted when µ = 0.1 and µ = 1. We also observe that the contact involving the hard coating G 1 /G 0 = 2 generates a much larger pressure than the soft coating G 1 /G 0 = 0.25 but the surface deflection experienced by the soft coating is much larger. It should be noted here that as we consider only lightly loaded contacts, the solid surface will be in tension and thus surface deflection will be positive. Figure 5 depicts the sub-surface stress fields corresponding to the pressure curves given in figure 4 . It is easily seen here that the maximum stress within the solid increases as µ increases for all three values of G 1 /G 0 . We also observe here that subject to a fixed value of µ, the solid with the hard coating experiences a much larger maximum stress than the solid with the soft coating We note in particular that a region of high stress occurs close to the solid surface in the hard coating that begins to disperse sideways as µ increases. This characteristic is also observed in the homogeneous solid but is absent within the soft coating. These results suggest that for highly sticky surfaces, layered solids comprising a hard coating are far more likely to experience plastic deformation than soft coatings. In such situations, an alternate model will need to be considered as the model proposed within this study will no longer apply. Figure 6 illustrates the contact pressure distribution and surface deflection of the layered solid for three di↵erent coating types subject to the di↵er-ent values of ↵ given. The generated pressure within the contact is initially negative which shows a slight attraction between surfaces due to the surface energy. As the indenter gets closer to the solid surface and the gap decreases to ↵ = 0.35nm, the surface is pulled strongly towards the indenter, as indicated by the surface deflection curves. As the surfaces are moved closer together still, the repulsive characteristic along the contact tip region becomes apparent which eventually yields a positive pressure that contributes to the load carrying capacity of the contact. The sub-surface stress fields corresponding to the pressure profiles in figure (6 are presented in figure 7 . A general trend that can be observed here is that the critically stressed region occurs along the edge of the contact region. This is a result of the surface adhesion attracting the surfaces and eventually pulling them together. We additionally note that the maximum principal stress for all three coating types increases in magnitude as the distance between surfaces decreases. The results discussed above have assumed a non-dimensional coating thickness of Y c = 0.5. However the thickness of a particular coating could change the predicted material response significantly and so we conclude this study with an investigation into the e↵ects of coating thickness. Figure 8 depicts the load displacement curves, predicted pressure curves and surface deflection for both a hard and soft coating subject to three di↵erent coating thicknesses. We can see that the load-displacement curves presented show little variation with coating thickness. However, it is observed that an increase in coating thickness for a hard coating leads to an increase in the maximum pressure and a decrease in the maximum surface deflection. The converse is true for the soft coating as an increase in coating thickness here leads to an decrease in the applied maximum pressure and an increase in the maximum surface deflection. These trends are in accord with the observations of Chidlow et al [31] . The sub-surface stress fields given in figure 9 correspond to the pressure curves presented in figures 8c and 8d. We can clearly see here that for both the hard and soft coating, the largest stress concentrations occur in the substrate for the thinnest coating (Y c = 0.1). However, as the coating thickness increases, the regions of largest stress move into the coating. This is potentially significant in determining the onset of plastic yielding as small changes in the thickness of a hard coating can lead to much larger maximum stresses as indicated in figures 9c and 9f. 
Conclusion
This study has been concerned with the e↵ects of adhesion in the contact problem involving a rigid cylinder and layered elastic solid comprising a functionally graded coating perfectly bonded to a homogenous substrate under lightly loaded conditions. The surface adhesive force was modelled using the Lennard-Jones potential and the behaviour of the solid is determined using the model of Chidlow et al [10] . The investigation concentrated primarily on determining the e↵ects of the variation in the shear modulus G 1 /G 0 , Tabor's parameter, µ and the coating thickness, y c on the predicted pressure, surface deflection and sub-surface stress fields induced within the pre and initial contact region.
The numerical results presented have shown that contact can occur before the surfaces physically touch each other at ↵ = 0 because of the attractive adhesive forces present. This work also demonstrated that there is a need to understand the e↵ects of surface adhesion at a small scale when designing coatings of a functionally graded nature, at pre and initial contact. This is because when the contact is repeatedly loaded and unloaded, a region of high stress is observed to occur along the edges of the contact which could initiate plastic flow and adhesive wear as a result of fatigue yielding and lead to the exfoliation of protective coatings. The work within this study further provides an opportunity to investigate adhesive wear for sliding contact problems. , ⌧ j,n = 1 + j,n , where j = 1, 2, n = 1, 2, ..., N.
MATRICES:
The following matrices are all size 2 ⇥ 2.
W n = N 1,n N 2,n (T 2,n K 2,n ) 1 T 1,n K 1,n , n = Z 1,n Z 2,n T 
j+2,n j+2,n j,n 1 2 n j,n j+2,n 1 2 n j+2,n ◆ .
The matrices given below are size 4 ⇥ 2.
n = diag 1,n , 3,n , 2,n , 4,n ,
◆ Note in all quantities given above that j = 1, 2 and n = 1, 2, ..., N.
VECTORS:
⇠ n (y) = e 1,n y , e 2,n y , e 3,n y , e 4,n y T , '(y) = (1, y) T where n = 1, 2, ..., N.
Appendix C. List of the non-dimensionalisations used within this work
Appendix D. Computing Fourier Coe cients given a discrete pressure function
The Fourier coe cients appearing within the model may be computed from the dimensionless pressure using the formula
where n = 1, 2, ...... As the pressure obtained in this problem will be known at only a finite number of values of X however, we must make the applied pressure continuous by fitting a linear spline. Assuming that the interval L  X  L is sub-divided into M sub-intervals where M > 2, this returns the approximation
where
for j = 2, ..., M and P j is the approximation to the dimensionless pressure at the jth gridpoint. The remaining functions appearing above are defined as
Substituting (D.2) into (D.1) returns the approximation
for n = 1, 2, .....
